Introduction
Systems of differential equations arise in many branches of science and engineering, such as modeling of electrical networks, mechanical systems, marketing problems, earthquake/tsunami problems, chemotaxis processes, and semiconductor physics. Because of their physical importance, many studies have been devoted to this area. In [11] , systems of differential equations are studied in detail, and in [1, 3] some numerical treatments are examined. On the other hand, singularly perturbed differential equations that involve positive small perturbation parameter(s) 0 < ε ≪ 1 multiplied with the highest order derivative term(s) are also important concepts of applied sciences and it is a well-known fact that the standard numerical techniques are very often insufficient to handle them. Control theory, fluid mechanics, quantum mechanics, combustion theory, signal and image processing, and pharmacokinetics are some areas where singularly perturbed problems arise. One can find theoretical considerations regarding singular perturbation problems in [6, 9, 14, 23, 26, 29] and various approximation methods in [4, 5, 7, 12, 13, 16, 17, 30] .
The present paper deals with obtaining accurate approximations to the solution of singularly perturbed systems of reaction-diffusion boundary-value problems (BVPs) that frequently arise in electroanalytical chemistry and population dynamics problems. In recent years, various methods were employed to obtain approximations to the solution of this kind of problem. In [2, 20] , finite difference methods (FDMs) were used to obtain * Correspondence: suleyman.cengizci@antalya.edu.tr
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the approximate numerical solution of singularly perturbed convection-diffusion systems, while in [18, 19] finite element methods (FEMs) are used. In [10, 21, 25, 27] FDMs are examined for singularly perturbed reactiondiffusion systems. For singularly perturbed systems of reaction-diffusion BVPs, the authors provided a robust computational technique in [24] and obtained optimal order error estimates on equidistributed grids in [8] .
In this paper, we apply an asymptotic-numerical hybrid method for approximating the solution of singularly perturbed systems of two-point boundary-value problems of reaction-diffusion type. At the first step, an efficient asymptotic method, known as the successive complementary expansion method (SCEM) and introduced in [22] , is applied, and later the FDM given in [15] is applied to solve the system of ODEs obtained through the SCEM.
In order to examine the convergence properties of approximations to the solution of singularly perturbed systems of differential equations, we need to define the norm that we will use in the remaining parts of this study. In [9] , one can find that the appropriate norm for this purpose is the maximum norm, which is given by:
The rest of the article is organized in the following manner: In Section 2, the continuous problem and its general properties are explained. In Section 3, the numerical-asymptotic hybrid method that we apply to solve the system of singularly perturbed two-point reaction-diffusion equations is described. In Section 4, two illustrative examples are provided to show the efficiency of the method. The paper ends with some conclusions in the last section.
The continuous problem
In general, a coupled system of singularly perturbed reaction-diffusion ODEs is given by
with certain suitable boundary conditions. The presence of the positive small parameters 0 < ε ≪ 1 and 0 < η ≪ 1 causes rapid and sharp changes (boundary layers) near the end-points of the domain Ω. The layer behaviors can be examined in three different cases: Case A: 0 < ε < η ≪ 1 ⇒ In this case, both components of the solution have boundary layers of width O (η ln η) and y 1 (x) has an additional sublayer of width O (ε ln ε) . Case B: 0 < ε ≪ 1 and η = 1 ⇒ In this case, only the first component of the solution has a boundary layer of width O (ε ln ε) .
Case C: 0 < ε = η ≪ 1 ⇒ In this case, both components of the solution have boundary layers of width O (ε ln ε) (or equivalently O (η ln η)).
We are interested only in the Case C and in finding an approximation to the solution
such that for all x ∈ Ω = (0, 1) for the problem
The system of BVPs given by (2.2) can be rewritten in matrix form as
where
Now we should impose two assumptions on problem (2.3). The first one is for strictly the diagonally dominance of matrix A and the second one is required in order to establish the maximum principle theorem:
The proof of the following lemma and the corollary can be seen in [21] .
Lemma 2.1 (Maximum Principle) Consider the system of singularly perturbed BVPs (2.3). If
− → y (0) ⩾ − → 0 , − → y (1) ⩾ − → 0 , and L ε − → y (x) ⩾ − → 0 for all x ∈ Ω, then − → y (x) ⩾ − → 0 , ∀x ∈ Ω.
Corollary 2.2 (Stability) If − → y (x) is the solution of (2.3), then the stability bound inequality
Under the above-mentioned assumptions and conditions, the hybrid method is explained in the following section.
The hybrid method
In this section, we give a brief overview of asymptotic expansions and approximations first, then explain the hybrid method by which we obtain highly accurate approximations to the solution of systems of singularly perturbed reaction-diffusion equations.
Let E be the set of all real-valued and strictly positive functions that are continuous in an interval (0, ε 0 ] and depend on ε . Moreover, let the limit lim ε→0 δ(ε) exist, and for each δ 1 (ε) , δ 2 (ε) ∈ E , let the relation
A function δ i (ε) that satisfies these conditions is called an order function. Given that two functions ϕ(x, ε) and ϕ a (x, ε) defined in a domain Ω are asymptotically identical to order δ (ε) if their difference is asymptotically smaller than δ (ε) , where δ (ε) is an order function, in mathematical terms, this fact is expressed by
where ε is a small parameter arising from the physical problem under consideration. The function ϕ a (x, ε) is referred to as an asymptotic approximation of the function ϕ(x, ε).
Asymptotic approximations, in their general form, are defined by
where the asymptotic sequences of order functions
Under these conditions, approximation (3.2) is called a generalized asymptotic expansion. If expansion (3.2) is given in the form of
then it is called a regular asymptotic expansion where the special operator E 0 is an outer expansion operator at a given order δ(ε),
Interesting cases occur when the function ϕ is not sufficiently regular in Ω. Therefore, (3.2) or/and (3.3) is/are valid only in a restricted region Ω 0 ∈ Ω , called the outer region. This is a singular perturbation problem and we shall introduce boundary layer domains. We introduce an inner domain, which can be formally denoted by Ω 1 = Ω \ Ω 0 , and a corresponding inner layer variable located near the point
, where ξ(ε) is the order of thickness of this boundary layer. If a regular expansion can be constructed in Ω 1 , it can be written as
where the inner expansion operator E 1 is defined in Ω 1 at the same order of δ(ε) as the outer expansion
holds and it is clear that
is a uniformly valid approximation (UVA) [4] [5] [6] . For only one singularly perturbed differential equation, the uniformly valid SCEM approximation is in the regular form given by
where {δ i (ε)} is an asymptotic sequence and functions Ψ i (x) are the complementary functions that depend on x . If the functions y i (x) and Ψ i (x) depend also on ε , the uniformly valid SCEM approximation is called generalized SCEM approximation and given by
Since the solution of problem (2.3) exhibits boundary layers at both end points of the interval Ω = (0, 1), the generalized SCEM approximation is adopted as follows:
For the outer region, i.e. far from the end points, the outer approximation will be in the following form:
If equation (3.7) is substituted into (2.3) and the powers of ε are balanced, one gets the asymptotic approximation for the outer region. In order to cope with the approximation difficulties at the end points, stretching variables will be introduced as
for the left end and
for the right end. Using these transformations with the help of the chain rule and substituting them into equation (2.3), one obtains the complementary functions as the solution to following subproblems:
and
where the subscripts 1, 2 denote the first and second components of the approximations. If an asymptotic approximation for the left complementary function (3.8) and the right complementary function (3.9) is adopted in the following form,
where the superscript (i) denotes the i th complementary approximation, then substituting this approximation into problem (2.3), one gets the asymptotic approximations for complementary functions, again balancing them with respect to the powers of parameter ε . To this end, the first iteration of the hybrid method is of the following form:
where the superscripts Lcomp(1) and Rcomp(1) are the first approximation terms of complementary functions (3.8) and (3.9), respectively, that are numerically solved by the numerical method given in [15] based on finite differences and that uses the three-stage Lobatto IIIa formula.
Illustrative examples
In this section, two numerical examples are studied. In the first one, all the processes are explained in detail, and for the second one, only results are presented. All the computations are performed in the Matlab2015b environment using double precision.
Example 4.1 [28] Consider the singularly perturbed system of coupled reaction-diffusion two-point BVPs:
As shown in Figure 1 , the solution of Example 4.1 exhibits boundary layer behavior at both end points of the interval when ε → 0 + . Therefore, for both end points, the stretching variables should be introduced as
for the left-end and
for the right-end, respectively. First, however, the reduced problem should be obtained by taking ε = 0 :
and it is obvious that the solution of the reduced system (4.2) is y out (1) 1 (x) = 0.7 and y out(1) 2 (x) = 0.9, where the superscript out(i) denotes the i th approximation to the outer layer problem. For the left and right inner layer problems, adopting the stretching variables x L and x R respectively, one gets the systems
(4.4)
In order to apply the numerical method [15] and code the problem in Matlab, we should transform these new systems into first-order systems. Transformed systems (4.3)-(4.4) corresponding to problem (4.1) can be coded using Matlab bvp4c as given by Listing 1-3:
The system of equations 4.4 is transformed into systems of first-order equations and these corresponding systems are stored in a twoode function as shown in Listing 1. Later, the boundary conditions are imposed by the function twobc as given in Listing 2. In the final step, numerical approximations and corresponding plots are obtained running the code that is given in Listing 3.
The double mesh principle is used for estimating the maximum point-wise errors and for computing the rate of convergence in the computed approximations: Numerical approximations to y 1 and y 2 of Example 4.1 that are generated by the hybrid method are presented for various ε values in Table 1 and Table 2 , respectively. In Figure 2 and Table 3 , the finer mesh errors that are based the on double-mesh principle are illustrated. Example 4.2 [18] Consider the singularly perturbed system of coupled reaction-diffusion two-point BVPs:
The solution of this problem exhibits boundary layer behavior in all the components y 1 , y 2 , and y 3 . Numerical approximations to y 1 , y 2 and y 3 of Example 4.2 that are generated by the hybrid method are presented for various ε values in Figure 3 . In Table 4 , approximations to component y 3 are considered only and in Table 5 and Figure 4 corresponding finer mesh errors for y 3 are given.
Conclusions
In this paper, singularly perturbed systems of two-point boundary-value problems of reaction-diffusion type are examined. In order to obtain better approximations to the solution of this kind of problem, an asymptoticnumerical hybrid method that consists of an asymptotic method, known as SCEM, and a numerical method based on finite differences given in [15] is applied. In Section 4, the implementation of the present method is given in detail in the illustrative Example 4.1. In Table 1, Table 2, and Table 4 , numerical results obtained by the hybrid method and in Table 3 and Table 5 maximum point-wise errors and convergence based on finer mesh strategy are presented. In addition, approximations for certain values of ε are given in Figure 1 and Figure 3 to illustrate the layer behavior. Maximum point-wise errors are given in Figure 2 and Figure 4 for certain values of ε . From the numerical values given in the tables and the figures, one can easily conclude that the proposed hybrid method gives highly accurate results and is well-suited for singularly perturbed systems of reaction-diffusion equations.
